Introduction
The elastic field due to inclusions in an infinitely extended elastic media has been extensively investigated following Eshelby's pioneering work ͓͑1͔͒, and its summary is given in a book by Mura ͓2͔. However, there have been only a limited number of analytic solutions for problems of nonellipsoidal inclusions, cases of cuboidal ͓͑3-8͔͒, rectangular ͓͑9,10͔͒, and cylindrical ͓͑11-14͔͒ shapes.
Rodin ͓15͔ considered a problem of Eshelby's tensors for polygonal and polyhedral inclusions where the Eshelby's tensors were given as a double or triple integral, which was evaluated by subdividing the inclusions into two or three-dimensional rectangular simplexes. He showed an approach to calculate the Eshelby's tensor for a polyhedral inclusion without explicit solutions. Rodin ͓15͔ and Markenscoff ͓16͔ proved that polyhedral inclusions with constant Eshelby's tensor do not exist. Lubarda and Markenscoff ͓17͔ showed that the Eshelby property ͑constancy of the stress for uniform eigenstrain͒ does not hold for any inclusion bounded by a polynomial surface of higher than the second degree, or any inclusion bounded by a nonconvex surface. They also showed that inclusions bounded by segments of two or more different surfaces are also precluded. Recently, Nozaki and Taya ͓18͔ analyzed the elastic field in a polygonal inclusion in an infinite body and proposed a method to estimate the effective stiffness of a composite with nonellipsoidal inhomogeneities. They carried out an area integral to obtain the displacement field ͓͑2͔͒ by subdividing a polygonal region into triangles and differentiated the displacement field to obtain the strain and the stress fields. They noted the special characteristic with a regular polygonal inclusion. More recently, Ru ͓19͔ obtained the analytic solution of elastic fields in a plane or half-plane containing an inclusion of arbitrary shape using the techniques of analytical continuation and conformal mapping.
The present paper is concerned with the solutions for the elastic field arising from an arbitrary polyhedral inclusion with uniformly distributed eigenstrains in an infinite elastic body. In this paper, the displacement is first given as a volume integral over the inclusion ͓͑2͔͒, which is then transformed to a surface integral over the surface of the inclusion by integration by parts. The resulting surface integral is evaluated by subdividing the surface into rectangular triangles ͓͑15,20͔͒. The solutions for strain, stress, and Eshelby's tensors will be obtained by analytical differentiation of the displacement field. Subsequently, we will calculate the strain energy of the body by using a numerical integration formula for three-dimensional simplexes ͓͑21͔͒. Numerical results will be presented for the stress field and the strain energy in a body containing a polyhedral inclusion. The results of the effective stiffness of a composite with polyhedral inhomogeneities will also be presented.
After the publication of our previous paper ͓͑18͔͒, Rodin ͓22͔ claimed that the method to estimate the effective stiffness of a composite in the paper contains a serious flaw and hence the results concerning composite stiffness are incorrect. In this paper we will show that our method provides still a good approximation to the stiffness of a composite with polygonal inhomogeneities. The degree of accuracy of the present method will be shown to increase as the polygonal inhomogeneity approaches to a circle and also, as the stiffness difference between the inhomogeneity and the matrix becomes small. This will be proved numerically by comparison between the solutions based on the present model and by the boundary element method ͑BEM͒.
where x is an arbitrary point in D and xЈ is a point inside ⍀. To evaluate the integral, it is convenient to rewrite Eq. ͑2͒ by integration by parts. The equation is transformed to
where dS is the surface element. For isotropic media, the Green's function is given as ͓͑2͔͒
where is the shear modulus, is the Poisson's ratio, and ␦ i j is the Kronecker delta. Substituting Eq. ͑4͒ into Eq. ͑3͒, we obtain
where
2.2 Subdivision of the Surface of the Polyhedron. To perform integrals I 1 I and I 2 I(i j) , we subdivide the surfaces of a polyhedron into rectangular triangles. Let now P I be the orthogonal projection of x onto the face ͉⍀͉ I , and let C J I ͑Jϭ1,2, . . . ,M I : Fig. 1͒ . The orthogonal projection of P I onto the edge C J I C Jϩ1 I will be denoted by P J I . Using P I as a pivot, ͉⍀͉ I is now subdivided into pairs of rectan- The integral I 1 I , I 2 I(i j) can be expressed as
In Eqs. ͑9͒ and ͑10͒, s 1 , s 1 Ј and s 2 , s 2 Ј are the signs of I 1 At first we perform the integrals in Eqs. ͑11͒ and ͑13͒ over T IJ . We introduce new parameters ͑,,͒ defined by
In Eqs. ͑11͒-͑14͒, xЈ is the point on surface of the polyhedron so , , and have the following relationship:
ϩϩϭ1.
Using Eq. ͑16͒, we can modify Eq. ͑15͒ as
The surface element dS(xЈ) is transformed to
The integrals I 1 IJ and I 2 IJ(i j) are reduced to Transactions of the ASME
Integrals ( in Eq. ͑21͒ and ͑23͒-͑26͒ ͑see Fig. 1͒ .
Strain fields can be obtained by differentiating Eq. ͑5͒ as
where S i jmn is the Eshelby's tensor for a polyhedral inclusion. The explicit expression of S i jmn is given in the Appendix. The stress field in D is obtained by substituting Eq. ͑27͒ into Eq. ͑1͒.
To obtain the solutions for the elastic field on the boundary of the inclusion, we calculate the limiting solutions shown in the Appendix, which may also be required to calculate the elastic field inside or outside the inclusion when the absolute values of the vectors are equal to zero.
The elastic strain energy in the infinite domain D is obtained as ͓͑2͔͒
where S klmn is the averaged Eshelby's tensor ͓͑18͔͒ defined by
where the bar over the quantity means the average over the volume of the inclusion (V ⍀ ).
Response to Rodin's Question
In our previous paper ͓͑18͔͒, we analyzed the elastic field in a polygonal inclusion and proposed a method to calculate the effective stiffness of a composite reinforced by nonellipsoidal inhomogeneities as an extension of Eshelby's equivalent inclusion method. However, Rodin ͓22͔ claimed that the following relationship in our paper does not hold in general except for the case of ellipsoidal inclusions and hence our result for composite stiffness is incorrect.
In Eq. ͑30͒, x is a point inside the inclusion, i j *(x) is the equivalent eigenstrain, and S i jkl (x) is the Eshelby's tensor for a polygonal inclusion. The bar over the quantities means the average over the volume of inclusion. In this section, we calculate the average stress
inside several polygonal inhomogeneities ⍀Ј ͑volume V ⍀ Ј ͒ by the method proposed by the authors and the boundary element method ͑BEM͒. Even though Eq. ͑30͒ does not hold for nonellipsoidal inclusion in an exact sense, by comparing the two solutions we will show that Eq. ͑30͒ for polygonal inclusions will still provide a good estimate for the composite stiffness, and becoming a better approximation as the number of polygon's side increases and the difference between the stiffness of the inhomogeneity and the matrix becomes small. We consider an infinite body D with a regular polygonal inhomogeneity ⍀Ј as shown in Fig. 2 . In this section, we compute the average stress in triangular, square, pentagonal, and hexagonal inhomogeneities inscribed to a circle of radius a. All regular polygons are centered at the origin O of the Cartesian coordinate system (x 1 , x 2 , x 3 ) and one of the vertices is located on the x 1 -axis. Plane strain in x 1 -x 2 plane is assumed. Using the method proposed by the authors ͓͑18͔͒, the average stress inside the inhomogeneity is obtained as
where C i jkl m is the elastic stiffness tensor of the matrix, I i jkl is the identity tensor, i j ϱ is an uniform farfield strain, and B i jkl is a tensor defined by
In Eq. ͑33͒, C i jkl f is the stiffness tensor of the inhomogeneity. To solve the above two-dimensional problem by BEM, a finite size body is treated instead, but the width and height of the body are taken to be 100 times the radius of the circumcircle of the regular polygon where sharp corners are replaced by sufficiently small arcs. The radius of the arc is taken to be 0.01 times the radius of circumcircle of the regular polygons. This approximation gives sufficient accuracy. The boundary element models have totals of 234 ͑triangle model͒, 290 ͑square model͒, 378 ͑pentagon model͒, 402 ͑hexagon model͒ nodes for the two subregions which represent the inhomogeneity and surrounding infinite body. For all models, quadratic elements are used. For the evaluation of the average stress, we divide the polygon into triangles whose vertices are the center and two adjacent vertices. Then an integration formula for two-dimensional simplexes by Hammer et al. ͓21͔ is used. In each triangle, the number of integration points is 12.
Hereafter, we assume that the infinite body is subjected to a farfield strain ( 11 ϱ , 12 ϱ , 22 ϱ )ϭ(0, 0, 0 ). Table 1 
2 ), where 0 is the corresponding stress component along the x 2 -direction for the given far-field strain ( 11 ϱ , 12 ϱ , 22 ϱ )ϭ(0, 0, 0 ). Our solutions and those obtained by BEM disagree. However, it can be seen that the difference is becoming smaller as the number of polygon's side increases. The difference is also becoming smaller as the difference between E f and E m becomes small. Thus we can conclude that our method will give a practically reasonable result for the effective stiffness of a composite reinforced by polygonal inhomogeneities, especially for a composite having stiff matrix such as a metal matrix composite or a ceramic matrix composite. Here, we should comment that a square is not an isotropic shape ͓͑18,23-25͔͒. Table 1 , the result for the square is obtained by averaging 22 over two positions of rotation angle.
Next, we compare the effective two-dimensional Young's modulus (E c ) of a body with dilute distribution of polygonal holes or rigid inclusions calculated by Jasiuk's method ͓͑24,25͔͒ and that of a body with dilute distribution of very compliant (E f /E m ϭ0.001) or very stiff (E f /E m ϭ1000) inhomogeneities calculated by the present method ͓͑18͔͒:
The Poisson's ratios are again set to f ϭ m ϭ0.3. Figures 3͑a͒-͑d͒ show the results for low volume fraction ( f р0.1) of holes, rigid inclusions, and inhomogeneities. The difference between the two methods is small. In the calculation for square, we used average S i jkl over two positions of rotation angle 0 deg and 45 deg.
Numerical Results and Discussion for Polyhedral Inclusions
Numerical results of the stress distribution, the elastic strain energy for a body containing a polyhedral inclusion and the effective stiffness of a composite with polyhedral inhomogeneities are shown in this section. The Poisson's ratio of the body is assumed to be 0.3 for the stress and the strain energy calculations and an SiC particle-reinforced Al matrix composite is chosen for the effective stiffness calculation. Material properties of SiC and Al are shown in Table 2 . We assume a polyhedral inclusion centered at the origin O of the Cartesian coordinate system. The five regular polyhedra shown in Fig. 4 are considered for the stress and the effective stiffness calculations. Furthermore, three inclusions of icosidodeca family shown in Fig. 5 are additionally considered for the strain energy calculation. First, we examined the stress distribution for the cubic inclusion examined by Chiu ͓6͔ and confirmed that our results coincide with his. Figures 6͑a͒ and ͑b͒ show the distributions of the normalized stresses L /(E 0 ) and T /(E 0 ), respectively, inside and outside inclusion along a line from the center through a vertex for a dilatational eigenstrain ( i j *ϭ 0 ␦ i j ). L and T are the normal stresses on a plane normal and parallel to the line, respectively, and E is the Young's modulus. Horizontal axis is normalized by the distance from the center to a vertex, hence dϭ1 indicates the position of the vertex. These figures show that the stresses have the logarithmic singularity at vertices of the polyhedra. Figures  7͑a͒ and ͑b͒ show the distributions of the stresses along x 1 -axis for a uniaxial eigenstrain ͑ 11 * ϭ 0 and other components are zero͒. In this case, we take one vertex of the regular polyhedra on the x 1 -axis, so L and T are invariant for the rotation around the x 1 -axis. Similar to the case of dilatational eigenstrain, it is noted here that the stresses have the logarithmic singularity at the vertex. However, the values of stresses at the center do not coincide with the sphere except for the dodecahedron and the icosahedron. It can be seen that the stress distributions inside the inclusion tend to be flat ͑or constant͒ as the shape of the inclusion approaches to the sphere through Figs. 6 and 7.
To obtain the strain energy, we have to evaluate the averaged Eshelby's tensor, Eq. ͑29͒ numerically. For this purpose, we divide the polyhedron into three-dimensional simplexes whose vertices are denoted by a vertex, a midedge, a midface, and the center O. Then a numerical integration formula by Hammer et al. ͓21͔ are used. The number of the integration points inside a simplex is 15. Table 3 shows normalized strain energy W *ϭW*/( 0 2 EV ⍀ ) for an infinite body with a polyhedral inclusion with a dilatational eigenstrain ( i j *ϭ 0 ␦ i j ) and a uniaxial eigenstrain ͑ 11 * ϭ 0 and other components are zero͒. The strain energies for all the polyhedron with a dilatational eigenstrain are the same as the sphere. On the other hand, the strain energies for the uniaxial eigenstrain are different but those for the dodecahedron, icosahedron, truncated icosahedron, truncated dodecahedron, and icosidodecahedron are the same as the sphere's. We note that they belong to the icosidodeca family which has the highly symmetrical structure. This finding is seems to be relevant to the fact that the values of stress at the center of these polyhedra are the same as those of the sphere ͑see Figs. 7͑a͒ and ͑b͒ for the dodecahedron and icosahedron͒. This is interesting because the famous C 60 : Buckminsterfullerene has the truncated icosahedral structure ͓͑26͔͒ and most quasi-crystals have icosahedral phase ͓͑27͔͒.
Finally, we calculate stiffness of an SiC particle-reinforced Al composite by the Mori-Tanaka method ͓͑18,28͔͒:
As seen in Table 3 , strain energies of the polyhedra belonging to the icosidodeca family are the same as the sphere's. On the other hand, strain energies of tetrahedron, hexahedron ͑cube͒, and octahedron vary with their orientation ͑the numerical results are omitted͒. This means that polyhedra belonging to the icosidodeca family are the isotropic shapes and tetrahedron, hexahedron ͑cube͒, and octahedron are the anisotropic shapes. Therefore, for these three shapes, averaging over the orientation is needed to calculate the isotropic stiffness. However, in the case of polyhedra, it is difficult to calculate the average values. Thus, in this example, we assume that all inhomogeneities' orientations are the same: we take one vertex of the regular polyhedra on the x 1 -axis. So resulting stiffness tensors have weak anisotropy in the case of tetrahedral, hexahedral ͑cubic͒, and octahedral inhomogeneities. We conjecture that if we can average S i jkl over orientation of the above three polyhedra, the orientation-dependent part of S i jkl will be canceled like the two-dimensional polygon case ͓͑29͔͒ and we will obtain the same S i jkl as a sphere. versus volume fraction of the particle f. It can be seen that the effect of particle shape is comparatively small, thus practically, use of a sphere for pre- diction of the stiffness of a composite with regular polyhedral inhomogeneities may be justified as a good approximation.
Appendix
Integral Formulas. 
